
Chapter 5

Applications

In this chapter we apply the perturbation methods developed in Chapters 3 and
4 to several representative examples of different classes of physically interesting
perturbations. The first-order motion is always relatively easy to obtain as it only
involves solving for the ψ0 field (even this is not necessary for certain coupling
functions F [Φ,Φx]) and then evaluating numerical integrals such as

∞∫
−∞

dx v(x+X)φc(x) .

Once the effective potential is known the first-order motion of the kink center
of mass variable X is qualitatively known. It is the second-order motion which
requires a bit of numerical effort. In the following section the numerical proce-
dure followed to calculate the second-order kink motion is outlined. The codes
themselves are not included as appendices because they would require at least 100
pages of text (at least 60% of this is documentation). In section 5.2 we examine
the procedure used to obtain the phonon field ψ(x, t). Then in section 5.3 we treat
the interaction of a kink with a time-independent, spatially localized perturbation.
The effects of a uniform force on a sine-Gordon kink are studied in section 5.4. In
section 5.5 the oscillatory motion of a kink in a binding symmetric well is consid-
ered. Finally, in section 5.6 we study the motion of a kink traveling in a medium
whose limiting propagation speed changes smoothly to a higher value.

5.1 The Numerical Procedure

The set of equations which need to be solved to obtain the kink motion through
second order is

(M0 + ξ)Ẍ = − ∂V (X, t)

∂X
+

1

2

∫
χ2(x, t)U ′′′[φc(x)]φ

′
c(x)− 2Ẋ

∫
ψ̇′φ′c

1



2

−
∫
v(x, t)

[
χ(x, t)

d

dx

∂F (φc, φ
′
c)

∂φc

+ χ′(x, t)
d

dx

∂F (φc, φ
′
c)

∂φ′c

]
− Ẋ2

∫
ψ̇′φ′c(x) , (5.1.1)

ψ̈(x, t) − ψ′′(x, t) + ψ(x, t)U ′′(φc) = (1− Pφc)

{[
1− U ′′(φc)

]
ψ0(x+X, t)

+ v(x+X, t)
[
F10[φc, φ

′
c]− F10[0, 0]

]
− d

dx

[
v(x+X, t)

(
F01[φc, φ

′
c]− F01[0, 0]

)]}
, (5.1.2)

where
χ(x, t) = ψ(x, t) + ψ0(x+X, t) (5.1.3)

V (X) = −
∞∫

−∞

v(x+X)F [φc(x), φ
′
c(x)] . (5.1.4)

The expression for the effective potential V (X) differs from the more general ex-
pression given in Eq. (3.4.8) because the codes are currently set up to handle only
perturbations v(x) which are independent of time.

The first step is to compute the effective potential V (X) for the range of
X which is to be examined. Typically V (X) will go to zero for X < Xbgn and
X > Xend so the numerical integrals need only to be computed for a finite range of
X. Up to 200 values of V (X) are calculated for evenly spaced Xbgn < X < Xend.
A bi-cubic spline fit [96] is then made to these data points, points outside the
“nonzero” range being set to zero. To be certain that the spline routine is working
properly, both the raw data points and interpolated values of V (X) are plotted
and compared. This check is made each time such spline coefficients are needed.

Given V (X) the first order motion of the kink is calculated by numerically
integrating the first order equation

Ẍ = −∂V (X, t)

∂X
, (5.1.5)

by using the algebraic/differential system solver DASSL [97]. Once again a spline
fit is made to the data points and the spline coefficients are written to a data file
for later use.

The next step is to evaluate the background field ψ0 which obeys the fol-
lowing equation

[∂tt − ∂xx]ψ0(x, t) + ψ0U
′(ψ0)− F10[ψ0, ψ

′
0]v(x, t) +

d

dx
(v(x, t)F01[ψ0, ψ

′
0]) = 0 .

(5.1.6)
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Since this is a linear equation it is possible to solve it by using fast Fourier trans-
forms. In using the fast Fourier transform codes found in the standard subroutine
libraries, one must be careful to include all of the appropriate scale factors. That
this has been done properly was checked by comparing the numerical results with
analytic results which are available for a special perturbation.

Now all of the functions needed to compute the right-hand side of the ψ PDE
are contained in spline coefficients. Evaluation of this inhomogeneous term again
involves some numerical integrals. Since this inhomogeneous term has 1−Pφc as a
prefactor, it must be orthogonal to the translation mode φ′c(x). This orthogonality
relation is explicitly checked by evaluating the integral

∞∫
−∞

dx φ′c(x)I(x, t) , (5.1.7)

with I(x′, t′) given by the right-hand side of Eq. (5.1.2), for as many as 200 values
of t. This is also a check on the spline fit since the values of the integrand are
obtained from the spline functions.

Now we are in a position to solve the ψ PDE numerically. A numerical
method which utilizes the method of lines [88] is used for this step in the calculation.
The boundary conditions applied to solve the PDE are that ψ be zero at both
ends. That this is the correct boundary condition may be seen by noting that
any phonons which propagate to the boundaries take a finite amount of time to
reach them so given any value of time t, one can find a value of x = x0 such
that ψ(x, t) = 0 for x > |x0|. Of course one cannot make the simulated system
arbitrarily large without using lots of computer time. Therefore one must be on
the watch for effects of radiation which reflects off of the boundary. One of the
checks made to both monitor this radiation problem and to check the PDE solver is
to take the values of ψ obtained and substitute them back into the PDE. The PDE
does not “know” about radiation which has been reflected from the walls so if the
numerically calculated values of ψ and its derivatives satisify Eq. (5.1.2), we know
the codes are working correctly (again, this also checks the spline fits). One of the
additional rather nice features of the code is that one can take many snapshots of
the ψ field and run them as a movie on a Sun computer. This method of viewing
the phonon field can be more efficient than looking at the two-dimensional surface
described by ψ(x, t).

A rather subtle point remains to be discussed regards the numerical evalu-
ation of the ψ field. When one views the plots of ψ(x, t) vs. x and t, there appears
to be a contribution which is not orthogonal to the translation mode. This fact
is confirmed by numerical integration and therefore one searches for the source of
the error. In fact one finds no error in the numerical method implemented, rather
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the cause of the trouble lies in the form of the ψ equation itself

ψtt − ψxx + U ′′[φc(x)]ψ = I(x, t) . (5.1.8)

The solution of this equation is required to be orthogonal to the translation mode
φ′c(x), however this PDE does not “know” about this constraint. In fact, this
equation is linearly unstable to the translation mode. To clarify this statement,
consider adding a time dependent constant times the translation mode to the actual
solution desired, denoted by ψ⊥(x, t);

ψ(x, t) = ψ⊥(x, t) + α(t)φ′c(x) . (5.1.9)

Since ψ⊥(x, t) is assumed to satisify Eq. (5.1.8), substitution of Eq. (5.1.9) into
(5.1.8) yields the following equation for α:

αttφ
′
c(x)− α(t)φ′′′c (x) + α(t)φ′c(x)U

′′[φ′c(x)] = 0 , (5.1.10)

which can be rewritten as

αttφ
′
c(x)− α(t)φ′′′c (x) + α(t)

d

dx
U ′[φ′c(x)] = 0 . (5.1.11)

Next, using the fact that U ′[φc(x)] = φ′′c (x), we see that the last two terms cancel
leaving us with

αttφ
′
c(x) = 0 . (5.1.12)

Therefore we see that α(t) can grow linearly with t and we still have a solution of
Eq. (5.1.8). Therefore, if in the numerical integration of the PDE, contributions
proportional to φ′c(x) will grow linearly. There are probably quite elaborate meth-
ods to prevent this which involve a modification of the PDE solver. Since this is a
nontrivial procedure, we resort to allowing this linear growth to occur, projecting
it out after the entire ψ field is obtained. As a final check, this resulting field is
again substituted into the PDE, good agreement being attained.

The final steps required to obtain X(t) to second order involve more nu-
merical integrals of functions found on the right-hand side of Eq. (5.1.1) and then
numerical integration of this ODE governing X.

Since there are several nontrivial numerical steps needed in this perturbation
procedure, one must ask how accurate the final answer is. Although there are quite
a few steps needed, each result obtained is either compared with analytic results
when available or an indirect property, such as orthogonality to a given function
is checked. Therefore we say with confidence that the final second-order result
for X(t) is accurate to at least two or three significant digits. This number could
undoubtedly be pushed further since the tolerances presently being requested are
not at their absolute limit. However this could entail the consumption of several



5

hours of Cray-1 time with no better physical understanding. Of course such added
significant digits would not be relevant since higher order corrections would wash
out this accuracy. Currently the total time required to do all of the calculations
for the second-order kink motion (including all relevant plots) is approximately
two minutes of Cray-1 time. Therefore these calculations are quite tractable in at
most a few hours of time on a personal computer.

5.2 Evaluation of ψ(x, t)

Since the ψ field satisfies a PDE it is the most difficult part of the numerical
scheme. As mentioned above this problem has been solved by actually integrating
the PDE. In this section we present some other methods which, although haven’t
proven to be as efficient as the PDE solver, are nonetheless legitimate methods.

The first method which comes to mind is the use of the Green functions
derived in Chapter 4. This approach is the method of choice because one does
not have to deal with such problems as reflected radiation from the boundaries.
However, it does require the numerical evaluation of a two dimensional integral.
There are several packaged routines which are set up to do such integrals. However,
they work best when the integrand is a smooth function which is not the case
as can be seen in Figure 5.1 for the perturbation discussed in section 5.3. The
rapid oscillations in time are due to the Green function, so this method would
be quite efficient if the perturbation was such that the function I(x′, t′) did not
sample so many oscillations. Even when it does sample many oscillations, the
two dimensional numerical integrator works. However, to accurately do one such
integral to an accuracy of three significant digits requires about one minute of
Cray-1 time. Since the ψ(x, t) field is needed for approximately 30 values of x and
100 values of t, this computation would require hours of Cray time.

The use of a Fourier transform method has been ruled out in Chapter 4 due
to the step function in G(x, x′, t − t′) at the “light cone”. A Laplace transform
method was then shown to circumvent this step function. However, since the
question of the oscillations discussed in section 4.3 has not yet been resolved, this
method has not been implemented. A method which would require the use of
the Green functions evaluated at complex arguments requires a deformation of the
contour from along the real time axis into the complex t plane (see Figure 5.2).
The complex component of time would add an exponentially decreasing factor to
the integrand which would greatly enhance convergence. This method has not
been implemented because at present the modified Lommel function codes are not
set up to handle complex arguments.

At this point it was decided to solve the ψ PDE itself. Since it is a linear
equation, there are several techniques available. One can Fourier transform in
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Figure 5.1: The integrand GSG(x, x′, t − t′)I(x′, t′) for x = 50, t = 25. The

inhomogeneous function I corresponds to the perturbation studied in section 5.3.
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Figure 5.2: Deformation into the complex t plane of the contour for the integral

representation of ψ(x, t) (see Eq. (3.4.12)).
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time,

ψ(x, t) =
1√
2π

∞∫
−∞

dωeiωtψ̄(x, ω) , (5.2.1)

which then requires the solution of the complex ODE

−ω2ψ̄ − ψ̄xx + U ′′(φc)ψ̄ = Ī(x, ω) (5.2.2)

where Ī(x, ω) is the Fourier transform of the inhomogeneous term I(x, t). The
solution of this ODE is certainly easier than solving a PDE. However one needs
to invert the Fourier transform to obtain ψ(x, t). This method of attack is not
implemented because it requires far more CPU time than the PDE solver.

One final method involves doing a discrete time Fourier transform, that is
using fast Fourier transform packages. This requires the solution of 2N+1 coupled
ODEs for the Fourier coefficients cn(x) and sn(x) defined by

ψ(x, t) =
N∑

n=0

cn(x) cos
[2nπ(t− tbgn)

tend − tbgn

]
+

N∑
n=0

sn(x) sin
[2nπ(t− tbgn)

tend − tbgn

]
. (5.2.3)

Even by using the fastest fast Fourier transform codes available this procedure
requires more time than the PDE solver. Although there are dangers in using the
PDE solver (e.g., reflected radiation), it has the advantage that it requires only
one step, namely the solution of the PDE. The Fourier transform methods outlined
require the evaluation of Fourier transforms, solution of ODEs and then the inverse
transforms. Each additional step adds to the unavoidable round-off errors.

5.3 Kink Collision with a Localized Impurity

For our first application of the method outlined above we consider the motion of a
sine-Gordon kink in the presence of a a time-independent perturbation v(x) which
is localized in space. The coupling function F [Φ,Φx] is chosen to be Φ(x, t) so that
the interaction Hamiltonian has the form

Hint = −
∞∫

−∞

dx v(x) Φ(x, t) . (5.3.1)

The choice of the perturbation v(x) is motivated by an example studied by FTBK
[37] who chose for their interaction Hamiltonian

Hint = −
∞∫

−∞

dx u(x) Φ′(x, t) . (5.3.2)
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Figure 5.3: The perturbation v(x) (solid) and the background response ψ0(x)

(dashed) it generates.

where u(x) is the sum of two step functions. In the language of charge-density-
wave systems, the derivative of the field Φx represents the local, excess charge
density. Therefore, the perturbation given in Eq. (5.3.2) models the interaction of
a charge-density-wave with two defects of opposite strength. By integrating Eq.
(5.3.2) by parts we obtain a form analogous to Eq. (5.3.1) with v(x) the sum of
two delta functions. To make the perturbation more realistic, we replace the two
delta functions by Gaussians of width w−1 and centered at ±x0

v(x) = λ
{
e−w(x−x0)2 − e−w(x+x0)2

}
. (5.3.3)

Using Eq. (5.1.6) with F10 = 1 and F01 = 0, we numerically determine the
background response ψ0(x, t) induced by v(x). Due to the simple form of v(x)
an analytic expression for the ψ0 field is available in terms of the complementary
error function. This expression agrees very well with the numerical computation
of ψ0 which is plotted in Figure 5.3 along with the perturbation for the following
parameter values

X(0) = −20 , Ẋ(0) = 0.3 , λ = 0.04 , w = 1 , x0 = 5 . (5.3.4)

As one would expect, a localized perturbation leads to a localized response. The
effective potential which the kink feels in first order is given by

V (X) = −
∞∫

−∞

dx v(x+X)φ′c(x) , (5.3.5)
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Figure 5.4: The potential V (X) (solid) and its derivative V ′(X) (dashed).

and is plotted in Figure 5.4 with the negative of the effective force V ′(X). From
this potential energy graph, we see that the velocity of the kink center of mass
should increase upon entering the perturbation region and then decrease upon
leaving. This behavior is confirmed when the first-order equation of motion is
solved numerically, the results of which are plotted in Figure 5.5. These first-order
results are quite reasonable when one physically examines the perturbation chosen
in the context of the sine-Gordon pendulum chain. In this case, the perturbation
given by Eq. (5.3.1) may be interpreted as representing two equal but opposite
localized torques acting on the chain. The first of these torques pushes the pendula
to positive angles and therefore tends to aid in the propagation of the kink whereas
the second has the opposite affect. Therefore a simple physical argument gives us
our first-order results. Such arguments are not available when we want to consider
the second-order motion which represents the effects of the phonons back on the
kink center of mass.

Before we can study the second-order motion of the kink center of mass,
we must solve for the radiation field ψ(x, t). For this type of perturbation, we
found that the easiest way to solve for ψ is by direct numerical integration of the
PDE given in Eq. (5.1.2). The first step in this process is the evaluation of the
inhomogeneous term in the ψ PDE which for the present perturbation is

(1− Pφc)
[
1− U ′′(φc)

]
ψ0(x+X, t) . (5.3.6)

Although an analytic form for ψ0 is available, we were unable to get an analytic
result for the integral in Eq. (5.3.6) [the integration is implied by the projection
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Figure 5.5: The first-order kink position X(t) (solid) and velocity Ẋ(t) (dashed).

operator Pφc ] and therefore had to resort to a numerical evaluation. The result
of this calculation must be orthogonal to the translation mode, a fact which was
confirmed by explicit numerical integration over x for 100 evenly spaced values of
time. Finally we note that we used the first-order result for X(t) in evaluating Eq.
(5.3.6).

The numerical technique used to solve the PDE is a method of lines tech-
nique developed by J. M. Hyman [88]. Although this code has proved to be quite
reliable in a variety of problems, we made the further check of substituting the
values obtained for ψ back into the PDE and obtained good agreement. The re-
sults of the numerical integrations are given in Figure 5.6. Initially the ψ field is
zero and attains nonzero values only the kink encounters the first of the Gaussian
perturbations. After the kink has passed the second Gaussian perturbation, the ψ
field appears to go to zero. The dominant features shown in Figure 5.6 represent a
temporary shape change of the kink. In addition we see that some small amplitude
radiation is emitted in the collision process. One can see this radiation propagat-
ing towards the boundary which eventually reflects back toward the center of the
system. The length of the system was chosen so that for the times examined this
reflected radiation does not influence the motion of the kink.

Given the ψ and ψ0 fields, we perform the appropriate integrals over space
as required in Eq. (5.1.1) which enables us to solve the second-order equation of
motion for X. Since the second-order corrections to the velocity are quite small, we
plot only this contribution, labeled by δv, in Figure 5.7. Figure 5.7 shows that the
second-order contribution to the kink velocity experiences an increase followed by
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Figure 5.6: Phonon field ψ(x, t) generated during the collision of the kink with the

impurity.
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Figure 5.7: The second-order contribution to the kink velocity.

a sharp decrease, which corresponds to the collision with the first of the Gaussian
perturbations. Next the velocity moves towards zero before undergoing a decrease
followed by an increase before settling into oscillations, that is upon encountering
the second Gaussian perturbation the velocity changes in essentially the same
fashion as it did as when it “hit” the first, but in reverse order.

The small oscillations which are present after the collision have a mean
which is slightly smaller than the initial velocity. This slightly reduced velocity
represents a transfer of energy into the radiation field. The oscillations in the
velocity demonstrate the fact that the kink is indeed a deformable particle. Similar
oscillations in the kink velocity have been observed in kink-antikink scattering in φ4

[15]. Campbell et al. [15] have demonstrated explicitly that this type of “wobbling
kink” is the result of an exchange of energy between the kink and the “shape mode”.
(See §6.1 for a detailed discussion of this energy exchange). In addition, Segur has
presented analytic evidence for the existence of “wobbling kink” solutions in φ4

[43]. The φ4 wobbling kinks were found to be stable while the sine-Gordon kinks
were found to be mildly unstable [43].

Although we cannot follow the evolution of the velocity for arbitrarily large
times, we know from the analysis given in section 3.4 that the kink will even-
tually reach a constant velocity because our perturbation is localized and time-
independent. Although the value of the final velocity is only slightly less than
the initial velocity, the difference in the kink position due to this second order
effect relative to first-order result will grow linearly in time which would hopefully
be a measurable quantity. Since the ψ field depends linearly on the perturbation
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strength λ, we should see a quadratic growth with λ in this second-order effect. A
more systematic study of this perturbation is planned to examine the dependence
of this effect on the parameters λ,w, and x0. It would also be interesting to treat
the repulsive potential (λ < 0) to study the reflection of kinks. It is conceivable
that with the additional freedom gained by allowing the kink shape to deform, (i.e.
the ψ field effectively changes the shape of the kink) one could see transmission of a
kink in second order when reflection occurred in first order (“classical tunneling”)
[98].

5.4 Uniform Force with Damping

Next we study the motion of a kink under the influence of a uniform force that
is, a perturbation which is independent of space and time. In addition we add a
phenomenological damping term to simulate the effect of fluctuations experienced
in real systems. The source of this dissipation varies from the ordinary lattice
vibrations [64] present in solids to shunt resistances in Josephson junctions [17] to
interchain coupling in polyacetylene [19].

This particular perturbation has been the source of a great deal of contro-
versy. In a series of papers Fernandez, Reinisch, and coworkers [85] claimed to
observe non-Newtonian motion of the kinks. Specifically they found that for small
times the kink position grew as t3 compared with the standard result of t2 for a
particle under the influence of a constant force. For longer times the t2 behavior
was observed. Since then several investigators [99, 100, 101] have pointed out that
in their work, Fernandez et al. did not account for the background response of the
field explicitly. Specifically, their initial condition was a sine-Gordon kink without
including the uniform background shift produced by a constant force. Therefore
their evolution equations had to generate this background in addition to acceler-
ating the kink. After a short time this constant background was established and
from then on Newtonian acceleration of the kink was observed.

Although the formalism developed so far can be used to treat such a per-
turbation, we will make use of results derived in Appendix B. There we show that
we can derive the kink center of mass equation by simply substituting the field
ansatz of Eq. (2.3.2) into the equation of motion for the full Φ(x, t) field. This
simple substitution is possible because the transformation equations give us the
old variables in terms of the new ones. In addition to giving the correct equations
of motion with less effort, this procedure allows us to add a phenomenological
damping term. We take as our coupling function F [Φ,Φx] = Φ and v(x, t) = E0

as the perturbation which gives us

Φtt + εΦt(x, t)− Φxx + U ′(Φ)− E0 = 0 . (5.4.1)
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Substitution of Eq. (3.3.2) into Eq. (5.4.1) yields the following first-order equation
of motion for the kink center of mass

M0Ẍ = 2πE0 − εẊ , (5.4.2)

where we have assumed that the damping parameter ε and constant force E0 are
both small and of the same order. Equation (5.4.2) states that for ε = 0 the
kink undergoes constant acceleration for all times. We see no evidence of non-
Newtonian behavior because our method explicitly accounts for the motion of the
“wings”, that is the regions far from the kink center (as suggested by Olsen and
Samuelson [100]). In this case, the ψ0 field (“wings”) is simply given by

U ′(ψ0) = E0 . (5.4.3)

To obtain the full field Φ(x, t), one would have to add in the background contri-
bution ψ0 plus any phonons produced.

Another way to study a space- and time-independent perturbation is to
include the constant background ψ0 in the definition of the kink [101, 102], that is
we define a “deformed kink” φD

c (x) which satisifies

−∂xxφ
D
c + U ′(φD

c ) + E0 = 0 . (5.4.4)

Both methods (Euler-Lagrange and “direct substitution”) for deriving the equation
of motion for the kink center of mass variable are still valid when one uses the
deformed kink because the only feature that one exploits is that the kink satisfies
a given differential equation. However, when the full field Φ(x, t) is decomposed
into a deformed kink plus a radiation field, the question of the stability of this
ansatz against small oscillations must again be addressed. Therefore we proceed
as before, assuming that the field can be decomposed into a “deformed kink” plus
a phonon field ψ(x, t),

Φ(x, t) = φD
c (x) + ψ(x, t) , (5.4.5)

where the deformed kink φD
c (x) satisifies Eq. (5.4.4). Using Eq. (5.4.3), one can

show that ψ(x, t) satisifies

ψtt − ψxx + ψU ′′[φD
c (x)] = 0 . (5.4.6)

Equation (5.4.6) differs from Eq. (3.1.6) only in that the second derivative of the
potential is evaluated at the deformed kink. Since the perturbation is assumed
small, the change in the spectrum of the operator in Eq. (5.4.6) is small. In
particular, there is still a zero frequency mode present. If our ansatz is unstable,
there must be a mode whose squared frequency is negative. Since we still have
a zero frequency mode, this means that the eigenvalue of one of the bound state
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modes or continuum modes must be less than zero. Since our perturbation is
small, first order perturbation theory tells us that the change in the eigenvalues
of these modes must also be small and therefore no such negative eigenvalue is
possible for small perturbations. The result of this analysis is that the deformed
kink also obeys Newton’s law as stated in Eq. (5.1.1) in which the background field
ψ0(x) = 0. Although this result can be obtained without referring to a deformed
kink, the fact that one can use a deformed kink as a starting point turns out to
be very useful when the problem of thermal noise is attacked via a Fokker-Planck
approach (see section 6.3.6).

5.5 Oscillation in a Binding Symmetric Potential

In this section we investigate the motion of a sine-Gordon kink under a time-
independent perturbation v(x) which for small x has a quadratic minimum at
x = 0. The trapping or pinning of solitons is a phenomenon which has attracted
quite a bit of attention lately [103, 104, 105]. Once again the theme is the exchange
of energy from the solitons into other modes of the system. In what follows we
present a rather general analysis, which although it is of limited applicability due to
the approximations made, shows some techniques which may be applied to obtain
detailed second order results without resorting to numerical analysis. Following
this we present some preliminary numerical results.

We choose as our coupling function F [Φ,Φx] = Φx which as shown below
will lead to a symmetric binding effective potential for the kink. To see that this
is indeed the case, we make a Taylor series expansion of the effective potential

V (X) = λ

∞∫
−∞

dx v(x+X)φ′c(x) . (5.5.1)

about X = 0. Such an expansion is valid for low energy kinks, that is for both
X(0) and Ẋ(0) ≈ 0. Carrying out this expansion we have

V (X) ≈ λ

2
X2

∞∫
−∞

v′′(x)φ′c(x) +O(X4) , (5.5.2)

≈ 1

2
κX2 +O(X4) , (5.5.3)

where we have neglected a constant term and used the symmetry of v(x) and φ′c(x).
Since v′′(x) and φ′c(x) are both positive even functions, we see that the effective
spring constant κ

κ ≡ λ

∞∫
−∞

dx v′′(x)φ′c(x) , (5.5.4)



17

is positive.
We now consider the second-order motion of the kink, obtaining some gen-

eral results without resorting to detailed numerical calculations. The second-order
equation of motion, again assuming that the Ẋ2 term is negligible, may be obtained
from Eq. (5.1.1)

(M0 + ξ)Ẍ = − ∂V (X, t)

∂X
+

1

2

∫
χ2(x, t)U ′′′[φc(x)]φ

′
c(x)− 2Ẋ

∫
ψ̇′φ′c . (5.5.5)

To examine the second-order terms in Eq. (5.5.5), we need some symmetry prop-
erties of the ψ0(x) and ψ(x, t) fields. From Eq. (5.1.6) we have for the ψ0(x)
field,

−∂xxψ0(x) + ψ0(x) = v′(x) , (5.5.6)

where the appropriate Taylor series expansions have been used. Since v′(x) is an
odd function, ψ0(x) is also an odd function. In fact, for small x, ψ0(x) = x is a
solution of Eq. (5.5.6) since v′(x) = x for small x.

The ψ equation is given by

ψ̈(x, t)− ψxx(x, t) + ψ(x, t)U ′′[φc(x)] = (1− Pφc)
[
1− U ′′(φc)

]
ψ0(x) , (5.5.7)

where to lowest order we have replaced X(t) by 0. This is the approximation
which was mentioned above as seriously limiting the applicability of the following
results. Since we can always obtain the first order center of mass motion before
the ψ field is calculated, this approximation need not be made, however it allows
us to continue with the analytic development.

To evaluate the ψ field we use the Green function representation,

ψ(x, t) =

∞∫
−∞

dx′
∞∫

−∞

dt′
[
1− U ′′(φc(x

′))
]
ψ0(x

′)

∞∫
−∞

dkf∗k (x)fk(x
′)

∞∫
−∞

dωeiωτ

2π(ω2
k − ω2)

,

(5.5.8)
where we have also substituted the integral representation for the Green function
(τ = t− t′) and used the fact that φ′c(x) is orthogonal to the functions fk(x). Since
the only time dependence on the right-hand side of Eq. (5.5.8) occurs through the
quantity t − t′, we can change the integration variable from t′ to τ . After doing
the τ and ω integrals we are left with

ψ(x) =

∞∫
−∞

dk
f ∗k (x)

ω2
k

∞∫
−∞

dx′fk(x
′)

[
1− U ′′(φc(x

′))
]
ψ0(x

′) . (5.5.9)

Therefore to this order the ψ field is independent of time and hence the only
remaining nonzero term in Eq. (5.5.5) which depends on ψ is ξ. Recalling the
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definition of ξ from Eq. (3.3.5) we have

ξ =

∞∫
−∞

dxψ′(x, t)φ′c(x) , (5.5.10)

=

∞∫
−∞

dxφ′c(x)

∞∫
−∞

dk
f ∗

′
k (x)

ω2
k

∞∫
−∞

dx′fk(x
′)

[
1− U ′′(φc(x

′))
]
ψ0(x

′) , (5.5.11)

= −
∞∫

−∞

dx′
[
1− U ′′(φc(x

′))
]
ψ0(x

′)

∞∫
−∞

dk
f ∗k (x′)

ω2
k

∞∫
−∞

dxfk(x)φ
′′
c (x) , (5.5.12)

=
1

2

∞∫
−∞

dx′
[
1− U ′′(φc(x

′))
]
ψ0(x

′)x′φ′c(x
′) , (5.5.13)

where we have made use of the identity in Eq. (3.1.15). Since 1 − U ′′(φc(x
′)) =

2sech2(x′) and φ′c(x) = 2sech(x′) (both for sine-Gordon), and ψ0(x) is odd, we see
that the mass renormalization is positive.

Now we consider a concrete example in which the perturbation has the form

v(x) = λ sechwx , (5.5.14)

where the parameter values were chosen to be

w = 4 , λ = .04 . (5.5.15)

In order to obtain oscillations (as opposed to escape to ∞) the initial conditions
of the kink were taken as

X(0) = 0.0 , Ẋ(0) = 0.05 . (5.5.16)

In Figures 5.8 to 5.10 we present the perturbation, background, effective potential,
and force along with the first order motion. As expected, the kink undergoes
“harmonic-like” oscillations. Since in this example, the kink passes through the
perturbation periodically, we might expect to see quite a few phonons generated,
which is indeed the case as shown in Figure 5.11 Another interesting feature of
the ψ field is that one can see that near x = 0 a slightly larger, more regular
structure emerges, indicative of a permanent (or possibly periodic) shape change
of the kink. One should also notice that the phonons emitted for small times reach
the boundary quickly, and therefore almost certainly reflect back into the region
of the perturbation, affecting the results. This is why these results were termed
preliminary. Since the size of the system is already reasonably large, some other
device such as absorbing boundary conditions will have to be employed in order
to continue this study. One would also like to see more periods of the oscillation.
However this involves increasing the effective spring constant κ which in turn means
increasing the perturbation strength.
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Figure 5.8: Perturbation (solid) and background field (dashed).

Figure 5.9: Effective potential (solid) and the negative of the force (dashed).



20

Figure 5.10: First-order kink position (solid) and velocity (dashed).

5.6 Transmission Through an Interface

As a final example we consider the effects of a change in the limiting speed of
propagation of the kink. Such a change is commonly encountered in many physi-
cal systems in which some feature of the underlying medium undergoes a change.
In Josephson junctions this situation arises when two such junctions with slightly
different shunt capacitances are spliced together [17]. A change in the Fermi veloc-
ity, i.e. electron density, has a similar effect in charge-density-wave systems [106].
To model such changes we consider a perturbation of the form

Hint =
λ

2

∞∫
−∞

dx [1 + tanh(x)]Φ2
x(x) , (5.6.1)

which leads to the following modification of the equation of motion:

Φtt − [1 + λ(1 + tanh(x))]Φxx − λsech2(x)Φx + sin Φ = 0 , (5.6.2)

where once again we consider the sine-Gordon system. Comparing Eq. (5.6.2) with
Eq. (2.1.2), we see that we have a system in which the spring constant changes
smoothly as a function of position. The term proportional to Φx results from the
fact that the force on a given pendulum due to its left neighbor does not equal the
force due to the right neighbor due to the variation in the spring constant.

The perturbation v(x) and the negative of the effective force on the kink
in first order are plotted in Figure 5.12. The background field ψ0 in this case is
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Figure 5.11: Phonon field ψ(x, t). The length of the system is actually 60. However

only a portion is shown here for clarity.
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Figure 5.12: The potential (solid) and the negative of the effective force (dashed)

for the interface perturbation.
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Figure 5.13: The first order kink position (solid) and velocity (dashed) as a funciton

of time.

zero which can be understood in terms of the sine-Gordon pendulum chain. From
the equation of motion we see that the perturbation respresents a change in the
limiting speed of the kink. This speed is in turn determined by the torsion spring
constant. Therefore the perturbation in fact represents a change in the spring
constant. Unlike the “torqued pendulum” perturbation studied in section 5.3,
such a change in the spring constant does not give rise to any new equilibrium
configuration of the pendula.

The resulting first-order motion of the kink is plotted in Figure 5.13. As
mentioned in section 2.1, the “rest energy” of this system is proportional to the
product of the limiting speed of the medium c0 and the natural frequency ω0. In
our units ω0 = 1 so the rest energy is proportional to the limiting speed c0. From
Eq. (5.6.2) we see that this limiting speed depends on position and is given by

c20(x) = 1 + λ(1 + tanh(x)) . (5.6.3)

Of course the interpretation of c0(x) as a limiting speed applies only when the
term linear in Φx is zero, that is for large x. As x → ∞ we find that the square
of the limiting speed approaches 1 + 2λ, and therefore for positive λ it increases.
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This means that the “rest energy” also increases, so if the total energy is to be
conserved, the velocity of the kink must decrease upon entering the perturbation
region, as shown in Figure 5.13.

As in the previous examples, the interesting results occur in second order.
In this case, we can physically deduce part of this contribution. Returning to space
and time variables used in section 2.1, we recall that the width of a kink has the
form

d =
c0
ω0

, (5.6.4)

where c20 is the coefficient of the φxx term in Eq. (5.6.2) and ω2
0 is the coefficient

of the sin Φ term. Since in Eq. (5.6.2) ω0 = 1, we see that the kink width is given
by c0. Therefore the width of the kink long after passing the interface must be

d = c0 =
√

1 + 2λ ≈ 1 + λ . (5.6.5)

Any such shape changes in the kink must be taken up by the ψ field. In all of the
previous examples this shape change has been localized in time. However in this
case it must persist. Such qualitative behavior is shown in Figure 5.14, a change
occurs when the kink encounters the interface and a constant profile is maintained
thereafter with very few phonons emitted. To obtain a quantitative check, we plot
(solid curve) in Figure 5.15 the difference between the final kink profile and the
initial kink profile

ψana = 4 arctan(ex/(1+λ))− 4 arctan(ex) , (5.6.6)

where the subscript ana denotes “analytic”. On the same graph we plot the nu-
merically evaluated ψ field (dashed) as a function of x for a given value of time for
which the kink has passed the interface (t = 80). The agreement is quite remark-
able, indicating the accuracy of the perturbation theory itself and the numerical
method used in the calculation of the ψ field.

This ends the applications we have considered to date. They have been
included as a means for demonstrating some of the features of the perturbation
method developed in Chapter 3. One of the expected features is the exchange of
energy from the kink center of mass motion into the phonon degrees of freedom,
again indicating the deformable nature of the particle. On the other hand, the
transmission through an interface illustrates the other role which the ψ field has,
namely that of effecting a change of the kink profile. The agreement of the analytic
and numerical plots for this deformation is quite impressive, giving us confidence
not only with the perturbation theory, but with the numerical procedure employed.
It remains to carry out some systematic studies of these and other perturbations to
see, for example, how the number of phonons generated depends on the strength,
width and shape of the perturbations and compare these results with the pertinent
physical systems.
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Figure 5.14: The phonon field ψ(x, t) as a function of x and t for the interface

problem.
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Figure 5.15: Predicted (solid) and numerical (dashed) ψ fields.
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[62] M. Büttiker and R. Landauer, Phys. Rev. B 24, 4079 (1981).
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R. Bishop, G. Grüner and B. Nicolaenko, eds. (North-Holland, Amsterdam,
1986).

[107] R. K. Pathria, Statistical Mechanics (Pergamon, Oxford, 1972) Chapter 13.

[108] N. G. Van Kampen, Stochastic Processes in Physics and Chemistry (North-
Holland, Amsterdam, 1985) p. 228, Eq. (6.1).

[109] H. Risken, The Fokker-Planck Equation, (Springer, Berlin, 1984), see Chap-
ter 6.

[110] M. Bernstein and L. S. Brown, Phys. Rev. Lett. 52, 1933 (1984).

[111] R. Kubo in Statistical Physics, M. Toda and R. Kubo eds. (Iwanami, Tokoyo,
1972), p. 185 (in Japanese).

[112] B. Horovitz, unpublished.

[113] M. C. Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 17, 323 (1945).

[114] H. D. Vollmer and H. Risken, Physcia 110A, 106 (1982).

[115] T. Miyashita and K. Maki, Phys. Rev. B 28, 6733 (131, 1836 (1985).

[116] P. Stancioff, private communication.

[117] O. Klein, Arkiv Mat. Astr. Fys. 16 no. 5 (1922).

[118] H. A. Kramers, Physica 7, 284 (1940).

[119] H. C. Brinkman, Physica 22, 29, 149 (1956).

[120] H. Risken and H. D. Vollmer, Z. Phys. B33, 297; B35, 177 (1979).

[121] H. Risken, H. D. Vollmer and H. Denk, Phys. Letters 78A, 212 (1980).

[122] R. M. DeLeonardis and S. E. Trullinger, J. Appl. Phys. 51, 1211 (1980).

[123] G. Constabile, R. D. Parmentier, B. Savo, D. W. McLaughlin, and A. C.
Scott, Phys. Rev. A 18, 1652 (1978).

[124] B. Sutherland, Phys. Rev. A 8, 2514 (1973).

[125] A. E. Kudryavtsev, JEPT Lett. 22, 82 (1975).

[126] B. S. Getmanov, JEPT Lett. 24, 291 (1976).



33

[127] V. G. Makhankov, Phys. Rep. 35C, 1 (1978).

[128] C. A. Wingate, Ph.D. Thesis, University of Illinois (1978), unpublished.

[129] M. J. Ablowitz, M. D. Kruskal, and J. R. Ladik, SIAM J. Appl. Math. 36,
478 (1978).

[130] S. Aubry, J. Chem. Phys. 64, 3392 (1976).

[131] T. Sugiyama, Prog. Theor. Phys. 61, 1550 (1979).

[132] M. Mosher, Nuclear Physics B185, 318 (1981).

[133] M. Peyrard and D. K. Campbell, Physica 19D, 33 (1986).

[134] S. Jeyadev and J. R. Schrieffer, Synthetic Metals 9, 451, (1984).

[135] K. M. Bitar and S. J. Chang, Phys. Rev. D 17, 486 (1978).

[136] VAX UNIX MACSYMA Reference Manual, Symbolics (1985).

[137] D. K. Campbell, unpublished.

[138] J. D. Logan, Invariant Variational Principles (Academic, New York, 1977).

[139] A. O. Barut, Electrodynamics and Classical Theory of Fields and Particles
(Macmillan, New York, 1964).

[140] J. D. Logan, page 115.

[141] A. R. Bishop, K. Fesser, P. S. Lomdahl, W. C. Kerr, M. B. Williams and S.
E. Trullinger, Phys. Rev. Lett. 50, 1097 (1983).

[142] A. R. Bishop, K. Fesser, P. S. Lomdahl, and S. E. Trullinger, Physica D7,
259 (1983).

[143] J. C. Ariyasu and A. R. Bishop, Phys. Rev. B 35, 3207 (1987).

[144] G. Wysin and P. Kumar, Phys. Rev. B, in press.

[145] K. Ishikawa, Nucl. Phys. B107, 238, 253 (1976); Prog. Theor. Phys. 58, 1283
(1977).

[146] O. A. Khrustalev, A. V. Razumov and A. Tu. Taranov, Nucl. Phys. B172,
44 (1980).

[147] K. A. Sveshnikov, Teor. i Matema. Fizika 55, 361 (1983).

[148] K. Maki and H. Takayama, Phys. Rev. B20, 3223, 5002 (1979).

[149] H. Takayama and K. Maki, Phys. Rev. B20, 5009 (1979).

[150] J. L. Gervais and A. Jevicki, Nuc. Phys. B110, 93 (1976).



34

[151] J. S. Zmuidzinas, unpublished.

[152] S. Mandelstam, Physics Reports 23C, 307 (1976).

[153] See Ref. 89 p. 470, formula # 3.869.1.

[154] This result is incorrectly stated in Ref 91. Below Eq. (2) in §16.57, an error
of 1/2 occurs; it should read:

1

π

∫ ∞

0

dt

t
sin[at+

b

t
] = J0(2

√
ab)

[155] E. Lommel, Abh. der math. phys. Classe der k. b. Akad der Wiss (München)
XV, 229-328 (1886)

[156] E. Lommel, Abh. der math. phys. Classe der k. b. Akad der Wiss (München)
XV, 529-664 (1886)

[157] J. Walker, The Analytical Theory of Light (Cambridge Univ Press, Cam-
bridge, 1904).

[158] H. F. A. Tschunko, J. Optical Soc. Am. 55, 1 (1955).

[159] C. Jiang, IEEE Trans. Antennas Propagat., AP-23, 83 (1975).

[160] I. M. Besieris, Franklin Institute Journal, 296, 249 (1973).

[161] S. Takeshita, Elect. Comm. in Jpn. 47, 31 (1964).

[162] N. A. Shastri, Phil. Mag. (7) XXV (1938), pp. 930-949.

[163] E. N. Dekanosidze, Vycisl. Mat. Vycisl. Tehn. 2 , pp. 97-107 (1955) (in
Russian).

[164] E. N. Dekanosidze, Tables of Lommel’s Functions of Two Variables , (Perg-
amon, London, 1960).

[165] J. W. Strutt (Lord Rayleigh), Phil. Mag. 31, 87 (1891); Sci. Papers, 3, 429
(1902).

[166] H. H. Hopkins, Proc. Phys. Soc. (B), 62, 22 (1949).

[167] A. E. Conrady, Mon. Not. Roy. Astr. Soc. 79, 575 (1919).

[168] A. Buxton, Mon. Not. Roy. Astr. Soc. 81, 547 (1921).

[169] J. Boersma, Math. of Comp. 16, 232 (1962).

[170] J. Rybner, Mat. Tidsskrift B 97 (1946).

[171] P. I. Kuznetsov, Priklad. Matem. i Mekh. II 555 (1947).



35

[172] L. S. Bark and P. I. Kuznetsov, Tables of Lommel Functions (Pergamon,
1965); E. W. Ng, Jet Propulsion Lab report No. NASA-CR-91729; Jet
Propulsion Lab report No. TR-32-1193.

[173] See Ref. 89 p. 967, formulae # 8.471.

[174] See Ref. 89 p. 666, formula # 6.511.6.

[175] See Ref. 89 p. 973, formula # 8.511.1.

[176] An error in Eq. 6 of §16.59 of Ref. 91 has been corrected by A. S. Yudina
and P. I. Kuznetsov in USSR Comp. Math. and Math. Phys. 11, 258 (1971).

[177] R. H. D. Mayall, Proc. Camb. Phil. Soc. IX, 259 (1898).

[178] R. B. Dingle, Asymptotic Expansions: Their Derivation and Interpretation
(Academic, London, 1960) p. 119 .


